Abstract. In this paper, we give an algorithm to infer the positions of the vertices of an unknown tetrahedron, given a sample of points which are uniformly distributed within the tetrahedron. The accuracy of the algorithm is demonstrated using some numerical experiments.
Introduction
Let A 1 , A 2 , A 3 , A 4 be four non-co-planar points in three-dimensional Euclidean space E 3 , having the Cartesian coordinates (a 1 , b 1 , c 1 ), (a 2 , b 2 , c 2 ), (a 3 , b 3 , c 3 ) and (a 4 , b 4 , c 4 ), respectively. It is well known that the volume V of the tetrahedron A 1 A 2 A 3 A 4 is given by (see, e.g., [11] ) .
In what follows we denote by I(A 1 A 2 A 3 A 4 ) the inner of the tetrahedron A 1 A 2 A 3 A 4 . Let M i , 1 ≤ i ≤ n, be n independent random points uniformly distributed inside the domain I(A 1 A 2 A 3 A 4 ). We suppose that the Cartesian coordinates (x i , y i , z i ) of the points M i , 1 ≤ i ≤ n, are known and we propose to estimate the Cartesian coordinates of the vertices of the tetrahedron A 1 A 2 A 3 A 4 . This question, that could be called tetrahedral point fitting, generalizes the triangle fitting of [12] : the estimation of the vertices of a triangle with uniform random points inside. We note that such types of problems are of great interest not only in computational and stochastic geometry [2, 9, 14] , but also in various fields, like computer graphics, parallel computation, image analysis, biomedical imaging and signal processing [5, 6, 7, 8, 15] .
The approach, based on the method of moments, leads to a solution that is effective and easy to implement efficiently. The paper is organized as follows. In Section 2, some mixed moments of a random variable uniformly distributed within the tetrahedron are explicitly identified in terms of the coordinates of the vertices. Next, in Section 3, a method of moments estimator is proposed, equating empirical moments and theoretical moments. This leads to a system of equations for the coordinates of the estimator. Subsequently, the solutions of the system are identified and deployed to an estimation algorithm. The accuracy of the algorithm is demonstrated in Section 4 using numerical experiments, based on a procedure developed by Rocchini and Cignoni [10] for producing random points uniformly distributed in a specified tetrahedron.
Mixed moments for a random point uniformly distributed inside a tetrahedron
Let M (X, Y, Z) be a random point uniformly distributed inside the domain denoted above by I (A 1 A 2 A 3 A 4 ) . Therefore, the random vector (X, Y, Z) has the probability density function f :
Lemma 2.1. The Jacobian of the transformation T : (0, 1)
, where the components of T are given by
where ∆ is given by (2).
Proof. A straightforward computation shows that the Jacobian of T is 
Therefore, it follows that the value of the Jacobian of the transformation T is given by (6).
Remark 2.2. It is easy to see that the transformation T defined by (5) maps the vertices of the unit cube to the vertices of the tetrahedron A 1 A 2 A 3 A 4 as follows:
where ♣ is either 0 or 1.
In particular, we deduce that the edges of the cube are mapped to the edges of the tetrahedron (or contracted into the vertices A 1 and A 2 , respectively), because the formulas (5) for x, y, z are linear in each coordinate separately. Therefore we conclude that the faces of cube are mapped to the faces of tetrahedron (or contracted either into the vertex A 1 or into the edge A 1 A 2 ), due to the fat that the faces of tetrahedron are foliated by images of some line segments foliating the faces of cube. Finally, it follows that T sends the interior of the unit cube onto the interior of the tetrahedron A 1 A 2 A 3 A 4 , as the interior of the tetrahedron is foliated by images of some line segments that foliate the interior of the unit cube.
) has the following mixed moments:
Proof. From (3) and (4) we deduce that the mixed moment (i, j, k) for the random vector (X, Y, Z) ∼ U nif (I(A 1 A 2 A 3 A 4 )) is given by
Therefore, applying Lemma 2.1 we obtain
where
Taking now (i, j, k) = (1, 0, 0) in (20), we derive
Therefore we obtain (7) and the expressions for the relations (8)- (19) follow in the same manner, taking different particular cases of the triple (i, j, k) in the equation (20) and using Lemma 2.1.
The estimation procedure
Let (α r , β r , γ r ) denote some estimates of the Cartesian coordinates (a r , b r , c r ), r ∈ {1, 2, 3, 4}, of the vertices of the tetrahedron A 1 A 2 A 3 A 4 . In this section we will apply the classical method of Moments [1, 3, 4 ] to obtain the above estimates. Therefore, we will approximate a mixed theoretical moment by its corresponding empirical moment. Accordingly, the values (α r , β r , γ r ), r ∈ {1, 2, 3, 4}, are just solution of the following nonlinear system of equations
where µ ijk is the mixed moment (i, j, k), η ijk is the empirical moment (i, j, k) and the set M is defined by the triples: . We recall that the empirical moment (i, j, k) of the quantities (x s , y s , z s ), 1 ≤ s ≤ n, is given by
Using now Proposition 2.3, it is easy to see that the system of equations (21) can be divided into three systems of equations S 1 , S 2 and S 3 with separable variables, as follows:
. Now we are able to state the following result concerning the solutions of the system S 1 .
Theorem 3.1. An arbitrary solution (α 1 , α 2 , α 3 , α 4 ) of the system S 1 has the form z σ(1)1 , z σ(2)1 , z σ(3)1 , z σ(4)1 , where the function σ : {1, 2, 3, 4} → {1, 2, 3, 4} is a specified permutation and z σ(1)1 , z σ(2)1 , z σ(3)1 , z σ(4)1 are just the four roots of the polynomial equation
where Proof. Taking into account the structure of the system S 1 and using Vieta's formulas, we deduce that the coefficients of the polynomial equation (23) have the form: Similarly, we obtain the following two results concerning the solutions of the systems S 2 and S 3 . then the vector z τ (1)2 , z τ (2)2 , z τ (3)2 , z τ (4)2 is a solution of the system S 2 , for any permutation τ : {1, 2, 3, 4} → {1, 2, 3, 4}. (23), (25) and (27) such that the resulting vectors are good estimates of the Cartesian coordinates of the vertices of the tetrahedron A 1 A 2 A 3 A 4 . In order to solve this problem, we are applying the method of moments with introduce the additional constraint
which the estimated vertices must satisfy. From (19) and (29) we obtain the relation
Therefore, it is necessary to determine two suitable permutations π, θ of the set {1, 2, 3, 4} such that the triples
obtained with the roots of the polynomial equations (23), (25) and (27) to give the best approximation (30).
Using now (24), (26) and (28) in (30), it follows that it is necessary to determine the permutations π, θ which minimize the expression E(π, θ) = |64η 100 η 010 η 001 + 2z 11 z π(1)2 z θ(1)3 + 2z 21 z π(2)2 z θ(2)3 +2z 31 z π(3)2 z θ(3)3 + 2z 41 z π(4)2 z θ(4)3 − 60η 111 |.
We note that there are 24 · 24 enumerations of π, θ. Moreover, in order that an estimation to be valid, all the random points M i , 1 ≤ i ≤ n, must be located inside the resulting tetrahedron. We note that this condition can be immediately verified. In fact, it is easy to see that a point M i (x i , y i , z i ) is within the tetrahedron of vertices (z 11 , z π(1)2 , z θ(1)3 ), (z 21 , z π(2)2 , z θ(2)3 ), (z 31 , z π(3)2 , z θ(3)3 ), (z 41 , z π(4)2 , z θ(4)3 ), if and only if the following five determinants have the same sign:
We note that the additional constraint (29) is sufficient to correctly identify the vertices of the tetrahedron, because, even if equation (31) would have multiple minima, only valid permutations π, θ can satisfy the conditions that all the determinants δ, δ 1 , δ 2 , δ 3 , δ 4 defined above have the same sign for all given points M i , 1 ≤ i ≤ n, which are uniformly distributed within the tetrahedron. Otherwise, in order to uniquely identify the vertices of the tetrahedron, it would have been necessary to apply again the method of moments, equating another theoretical moment with an empirical one.
Consequently, we obtain the following algorithm to estimate the Cartesian coordinates of the vertices of the tetrahedron A 1 A 2 A 3 A 4 .
Algorithm A (Estimate the vertices of the tetrahedron) Step 1. Input: the Cartesian coordinates (x i , y i , z i ) of the random points
Step 2. Compute the empirical moments η 100 , η 010 , η 001 , η 200 , η 020 , η 002 , η 300 , η 030 , η 003 , η 400 , η 040 , η 004 , η 111 using formula (22).
Step 3. Determine the roots z 11 , z 21 , z 31 , z 41 of the polynomial equation (23).
Step 4. Determine the roots z 12 , z 22 , z 32 , z 42 of the polynomial equation (25).
Step 5. Determine the roots z 13 , z 23 , z 33 , z 43 of the polynomial equation (27).
Step 6. Find the permutations π and θ of the set {1, 2, 3, 4} which minimize the expression E(π, θ) given by (31), under constraints that all the determinants δ, δ 1 , δ 2 , δ 3 , δ 4 defined above have the same sign.
Step 7. Output: the estimates
for the Cartesian coordinates of the vertices of the tetrahedron A 1 A 2 A 3 A 4 .
A Monte Carlo validation
In this section we intend to demonstrate the accuracy of the Algorithm A using a Monte Carlo simulation technique. For this reason we will apply a procedure developed by Rocchini and Cignoni [10] for producing random points uniformly distributed in a specified tetrahedron, which generalizes a method given by Turk in [13] for generate random points inside a triangle. The algorithm developed by Rocchini and Cignoni generates random points in a cube, and then folds the cube into the barycentric space of the tetrahedron in a way that preserves uniformity, as follows. 3 with the plane s + t = 1 into two triangular prisms of equal volume, and then folding all the points falling beyond the plane s + t = 1 (i.e. in the upper prism) into the lower prism. Calculate the new (s, t, u) values as follows
Step 4. Cut and fold the resulting triangular prism in Step 3 with the two planes t + u = 1 and s + t + u = 1. Calculate the new (s, t, u) values as follows
Step 5. Find the barycentric coordinates (a, s, t, u) of the random point, where (s, t, u) are obtained in Step 4 and a is given by
Step 6. Calculate the Cartesian coordinates (x, y, z) of the random point P with uniform distribution inside the tetrahedron A 1 A 2 A 3 A 4 , as follows
Step 7. Output: the Cartesian coordinates (x, y, z) of the point P .
Example 4.1. By using Algorithm B we will generate samples M i (x i , y i , z i ), 1 ≤ i ≤ n, of uniform random points inside the tetrahedron A 1 A 2 A 3 A 4 , where the Cartesian coordinates of the vertices A 1 , A 2 , A 3 , A 4 are given in Table 1 . The sample volume is n = 10000 and the sample data file is available at the web address https://gabrieleduardvilcu.files.wordpress.com/2017/04/t10000. pdf. Next we will apply the Algorithm A in order to estimate the coordinates of the vertices of the tetrahedron.
Step 1. We consider as input data the Cartesian coordinates of the random points M i , 1 ≤ i ≤ 10000, generated above.
Step 2. Applying (22) we obtain the empirical moments: Therefore we obtain that the roots of the polynomial equation (27) Step 6. The permutations π and θ of the set {1, 2, 3, 4} which minimize the expression E(π, θ) given by (31), subject to constraints that δ, δ 1 , δ 2 , δ 3 , δ 4 have the same sign, are π = 1 2 3 4 4 2 3 1 , θ = 1 2 3 4 1 4 2 3 .
Step 7. We obtain the following estimated values (α 1 , β 1 , γ 1 ), (α 2 , β 2 , γ 2 ), (α 3 , β 3 , γ 3 ), (α 4 , β 4 , γ 4 ) for the Cartesian coordinates of the vertices of the tetrahedron The above estimated values are listed in Table 2 . Comparing now the estimates with the real coordinates in Table 1 , we remark that the estimated values of the coordinates are enough close with the real coordinates of the vertices of the tetrahedron A 1 A 2 A 3 A 4 . Therefore, the Monte Carlo procedure validates the correctness of the Algorithm A proposed in the present paper.
Remark 4.2. We note that, in general, larger sample sizes produce smaller standard errors, which estimate the vertices of the tetrahedron with higher precision. Hence, the accuracy increases when the sample size increases. In order to demonstrate this, by using Algorithm B, we can generate samples of uniform random points inside the same tetrahedron A 1 A 2 A 3 A 4 whose vertices are given in Table 1 , using different sample sizes. We apply again the Algorithm A in order to estimate the coordinates of the vertices of the tetrahedron in each case. Some results are listed in Table  2 and Table 3 (the sample data files, as well as the resulting quartic polynomials and their roots are available at the web address https://gabrieleduardvilcu. files.wordpress.com/2017/04/s1.pdf). The corresponding standard error of the estimate for different sample sizes, computed as
12 , is given in Table 4 , while the effect of sample size on the standard error is plotted in Fig. 1 . From figure, one can observe that the amount by which the standard error of the estimate decreases is most substantial between samples sizes less than 70000. In contrast, standard error of the estimate does not substantially decrease at sample sizes above 70000. 
